Abstract. In an earlier paper, to describe how a congruence spreads from a prime interval to another in a finite lattice, I introduced the concept of prime-perspectivity and its transitive extension, prime-projectivity and proved the Prime-projectivity Lemma.
Introduction
To describe how a congruence spreads from a prime interval to another in a finite lattice L, I introduced the concept of prime-perspectivity in [10] .
Let L be a finite lattice and let I and J be intervals of L. Now let p and q be prime intervals of L. We use the notation: I(p, q) = [0 p ∧1 q , 1 q ]. In the second diagram in Figure 1 , q is collapsed by con(p), but we cannot get from p to q by a sequence of down-and up-perspectivities between prime intervals. So we introduce a more general step between prime intervals: p is prime-perspective down to q if p is down-perspective to I(p, q) and q is contained in I(p, q). If p p-dn −→ q, then p and q generate an N 5 , as in the second diagram of Figure 1 , or a C Now we state the main result of G. Grätzer [10] : we only have to go through prime intervals to spread a congruence from a prime interval to another in a finite lattice.
Prime-projectivity Lemma. Let L be a finite lattice and let p and q be distinct prime intervals in L. Then q is collapsed by con(p) iff p p =⇒ q, that is, iff there exists a sequence of pairwise distinct prime intervals p = r 0 , r 1 , . . . , r n = q satisfying
Let us call a lattice L an SPS lattice, if it is slim (contains no M 3 sublattice), planar, and semimodular.
For the prime intervals p, q of and SPS lattice L, we define a binary relation: p swings to q, in formula, p q, if 1 p = 1 q , the element 1 p = 1 q covers at least three elements, and 0 q is neither the left-most nor right-most element covered by 1 p = 1 q . See Figure 2 for two examples. Swing Lemma. Let L be an SPS lattice and let p and q be distinct prime intervals in L. Then q is collapsed by con(p) iff there exists a prime interval r such that p is up-perspective to r and there exists a sequence of pairwise distinct prime intervals (2) r = r 0 , r 1 , . . . , r n = q such that r i is down-perspective to r i+1 or r i swings to r i+1 for i = 0, . . . , n − 1. In addition, the sequence (2) also satisfies
The Swing Lemma is easy to visualize. Up-perspectivity is "climbing", downperspectivity is "sliding". So we get from p to q by climbing once, and then alternating sliding and swinging.
In this paper we give an elementary proof of this result. "Elementary" means that we do not use the deep techniques and results developed for rectangular lattices in G. Czédli [1] . An alternative proof of the Swing Lemma can be found in G. Czédli [2] .
2. Preliminaries 2.1. Fork construction. The following lemma is part of the folklore (implicitly used, for instance, in G. Czédli and E. T. Schmidt [5] ): Lemma 1. Let K be an SPS lattice. Let S = {o, a l , a r , t} be a covering square of K, and let a l be to the left of a r . Then there are maximal chains
such that x l,n l and y l,n l are on the left boundary of K and the interval [y l,n l , a l ] is isomorphic to C 2 × C n l , and symmetrically.
Let
. . , x r,nr } ∪ {y r,1 , y r,2 , . . . , y r,nr }.
is a cover-preserving join-subsemilattice of K.
, a join-subsemilattice of K As in G. Czédli and E. T. Schmidt [5] , inserting a fork into K at the covering square S, adds the elements Figure 4 , so that the interval [o, t] is an N 7 (see Figure 5 ), and the interval [y l,n l , a l ] is isomorphic to C 3 ×C n l , and symmetrically. Let K[S] denote the construct.
z r,nr y r,nr
is an SPS lattice, as observed in G. Czédli and E. T. Schmidt [5] . See Figure 6 for an illustration. Lemma 2. Let L be an SPS lattice.
(i) An element of L has at most two covers. (iv) If the elements u, v, and w are adjacent, then the N 7 sublattice of (iii) is a cover-preserving sublattice.
Note that (i) and (ii) are equivalent, but (ii) is a bit easier to apply. Another form, which is new, is stated next.
We conclude that 0 q1 ∧ 0 q2 1 q , so q is a nontrivial interval. By semimodularity, q is a prime interval, and it satisfies
If q = q 1 , then q 2 dn ∼ q = q 1 , as claimed. So to get a contradiction assume that
and symmetrically,
By (5) and (7), 0 q1 = 0 q and by (6) and (8), 0 q2 = 0 q . By (5) and (6),
It follows from (4) that (11) 0 q = 0 q1 ∧ 0 q2 .
In view of (7)- (11), Lemma 2(ii) yields that 0 q1 = 0 q2 < 0 q , in which case we get that q 2 = q, contradicting (8) .
An SPS lattice L is called a patch lattice if it has exactly two dual atoms that meet in 0. The following result can be found in G. Czédli and E. T. Schmidt [4] .
Structure Theorem for Slim Patch Lattices. Let L be a slim patch lattice. Then we can obtain L from the lattice C 2 2 by a series of fork insertions.
Two lemmas
The following lemma is a crucial step in the proof of the Swing Lemma.
Lemma 4. Let
Since i = u ∨ w, we cannot have y ≥ v, because it would imply that x = u ∨ v. We want to prove that y ≤ v. So by way of contradiction, let us assume that So we have (12)- (15) . It follows that o r < v; indeed if o r = v, then v < y, contradicting (14) .
The next statement is a very special case of the Swing Lemma; it is also a crucial step in its proof. To state it, we introduce condition (SL).
For a patch lattice K, let p l and p r be the two prime intervals K on the top boundaries of K, p l = [c l , 1 K ] on the left and p r = [c r , 1 K ] on the right. We are considering the following condition for a patch lattice K:
(SL) Let q be a prime interval of K on the lower right boundary of K, that is, let 1 q ≤ c r . Then there exists a sequence of pairwise distinct prime intervals p l = r 0 , r 1 , . . . , r n = q such that r i is down-perspective to or swings to r i+1 for i = 0, . . . , n − 1 and the down-perspectivities alternate with the swings.
Lemma 5. Let K be a patch lattice and let S = {o, a l , a r , t} be a covering square of K, with a l to the left of a r . If (SL) hold in K, then (SL) also holds in K[S].
Proof. Note that p l and p r are also the two prime intervals of K[S] on the top boundaries of K[S]. To verify (SL) for K[S], let q be a prime interval of K[S] on the lower right boundary, that is.
If K = C , then (SL) has been verified. So let some r i not be prime, we choose the nonprime r j with the smallest j. Since no element of F [S] can be on the upper boundary of L, we conclude that j = 0. Also, since q is prime in K[S] and q ⊆ K, it follows that q is prime in K; therefore, j = n. So 0 < j < n.
We cannot have r j−1 r j because that would make 0 rj an internal element among the elements covered by 1 rj and no element of F [S] can be on an internal prime interval. We conclude that r j−1
∼ r j also holds, by Lemma 3,
Therefore, S is in between r j and r j−1 , that is, 0 rj ≤ o ≤ 0 rj−1 and 1 rj ≤ i ≤ 1 rj−1 . The interval r j in K[S] has one new element a r ∧ 1 rj , see Figure 8 .
Observe that r j is the only interval in the sequence that is not prime. Indeed, this is true for r j with k > j by the minimality of j. This is also true for r j with k < j because by semimodularity these intervals are too high as compared with S.
So the sequence of prime intervals with the binary relations Since q is on the lower right boundary of K[S], it follows that q = q 1 or q = q 2 .
The prime interval q is on the lower right boundary of K, so by applying (SL) to K and q , we obtain the sequence p l = r 0 , r 1 , . . . , r n = q . Utilizing that the lower right boundary of K is a chain, see G. Grätzer and E. Knapp [16, Lemma 4] , the last step from r n−1 to r n = q cannot be a swing (if it were, 1 q would cover at least three elements; it covers exactly one), so r n−1 dn ∼ r n = q holds in K. We have two subcases to consider. Case 2a: n = 1, that is, p l = r n−1 , see Figure 9 . We cannot have p l q because q is on the lower right boundary of K; therefore, p l dn ∼ q . We also have [a l , t] dn ∼ q , so by Lemma 3, we obtain that p l ∼ [a l , t]. Since p l is the top left prime interval
and of course, p l dn ∼ q 2 , completing the proof. Case 2b: n > 1. So p l = r n−1 . If r n−1 r n = q, then 1 rn−1 = 1 rn = 1 q covers at least three elements; but 1 q is on the boundary of K, so it covers exactly one element.
We conclude that r n−1 r n−1 and 1 p = 1 q by the definition of the swing relation. The element 1 p = 1 q covers at least three elements and 0 rn−1 is not the left-most or right-most element covered by 1 rn−2 = 1 rn−1 . By symmetry, we assume that 0 rn−21 is to the right of 0 rn−1 , as in Figure 10 . 
So the sequence
, q 1 verifies the statement for p l and q 1 .
Proving the Swing Lemma
By the Prime-projectivity Lemma, the following lemma yields a slightly stronger form of the Swing Lemma. (18) and (19) imply that p p-dn −→ q, which we are required to prove.
